We develop a supersymmetric representation of the Hubbard operators which unifies the Slave Boson and Slave Fermion representations, allowing a secondquantized treatment of Hubbard operators with both symmetric and antisymmetric character. We provide a simple example of the application of this method to the atomic limit of the Hubbard model and discuss its more general application to the infinite U Anderson model and the t − J model. 75.30.Mb,75.20.Hr Typeset using REVT E X 1
One of the fascinating aspects of strongly correlated materials is their propensity to develop novel metallic phases in the vicinity of a magnetic phase transition. In both heavy fermion and cuprate materials 1, [7] [8] [9] [10] [11] [12] 15, 19 , suppression of antiferromagnetism by pressure or doping is accompanied by the development of non-Fermi liquid behavior and also, anisotropic superconductivity. These new discoveries challenge our understanding of how spin and charge interact at the brink of magnetism, and underpin the importance of finding new methods to treat electron systems in which local moments co-exist and interact strongly with mobile electrons.
Theoretical approaches to these problems are hindered by the difficulty of describing the transformations that occur in the spin correlations when charges start to interact strongly with spin degrees of freedom [15] [16] [17] 20, 26, 27 . In an ordered antiferromagnet, the spins develop a highly symmetric wavefunction whereas in paramagnetic phases, such as heavy fermion metals, or the doped phases of the cuprate superconductors, the the spin correlations become become highly antisymmetric in character. Many popular theoretical approaches include these features by representing the spin as a boson in a magnetic phase 22, 23, 5 , or as a fermion in a paramagnetic phase 24, 3 , but by making this choice, the character of the spin and charge excitations which appear in an approximate field theory, is immediately restricted, and worse, may not provide sufficient flexibility to describe the character of the excitations in the region where strong magnetic correlations are present within a paramagnetic phase. These considerations motivate us to seek a new way to describe the spin and charge excitations of a strongly correlated material in which we do not have to make the choice between a bosonic or fermionic spin [29] [30] [31] 33, 34 . In this paper we show how we can achieve part of this goal in terms of a supersymmetric representation of Hubbard operators 2 . The method used here is a natural extension of earlier work on supersymmetric spin operators 33, 34 . Here, we describe the development of this representation and its underlying gauge symmetries, and we make some comments about its application to the theory of strongly correlated electron systems.
Hubbard operators provide a way to describe electron systems in which Coulomb repulsion prevents double-occupancy of a given orbital. Suppose |a ∈ {|0 , {|σ }} describes a set of atomic states involving a charged "hole" |0 or a neutral spin state |σ with spin component σ ∈ {1 . . . N} which for generality can have one of N possible values.
The Hubbard operators are written
where α, β ∈ {0, N}, represent an atomic state with N possible spin configurations. The operators X σσ ′ are bosonic spin operators whereas the X σ0 and X 0σ are fermionic operators that respectively create and annihilate a single electron. The spin operators X σσ ′ are the generators of the group SU(N). The additional set of 2N fermion operators expands the group so that the full set of Hubbard operators provides the generators of the supergroup SU(N|1). This is the physical group that describes spin and charge fluctuations on the atomic site. These operators satisfy a graded Lie algebra 32 involving both commutators and
Unfortunately, there is no standard Feynman diagram approach for operators satisfying this algebra. The conventional method for by-passing this difficulty, is to factorize the Hubbard operators as a product of fermion and boson. This can be done by representing the empty state as a "slave boson" 3 or "slave fermion" 5 which in turn forces the corresponding spin to be represented by a fermion or boson, respectively.
Our task is to find a general way to formulate irreducible representations of the SU(N|1) using standard second-quantized operators, whilst preserving the ability to represent the spins either as fermions or as bosons. It is this requirement that forces us to consider the use of a supersymmetric representation. To write our representation in a compact way, it proves convenient to change the sign in front of the "zeroth" Hubbard operator X 00 , introducing
where we use the index σ ∈ {1, N} to denote a spin index. Our supersymmetric representation of the Hubbard operators is written
where
are column spinors where b α and f α denote a Schwinger boson and Abrikosov pseudo-fermion respectively, whilst φ and χ are slave bosons and fermions respectively. Written out explicitly, the Hubbard operators are then
The signs in the fermionic operators are chosen to simplify gauge symmetries of this representation. The above operators are merely a sum of the slave fermion and slave boson
representations. This of course guarantees that the representation satisfies the correct commutation algebra. The novelty of our approach lies in the constraints which guarantee that the representation of Hubbard operators is irreducible. There are two constraints
which describes the total number of particles and the "asymmetry"
of the representation, where
are fermionic operators which satisfy the algebra {θ, θ † } = Q. These operators rotate the fermions and bosons into one-another (1). The special feature of this representation is that To constrain the representation to be irreducible, we need to set the values of the linear and quadratic Casimirs of the SU(N|1) group. We do not need to consider higher Casimirs, because L− shaped spin representations are determined solely by these two Casimirs, and 
where summation over σ, σ ′ ∈ {1, N} is implied. When we expand the Casimir in terms of the canonical creation and annihilation operators, we find that
so that by defining Y and Q, we uniquely set the representation.
Let us now examine how the fields transform under the local supersymmetry. If we introduce the operatorÂ = [ηθ − θ † η], where η andη are Grassman numbers, then under an SU(1|1) rotation, the fields
where the Grassman rotation angles inside A truncate the expansion of the exponentials at second-order. Expanding this expression gives
where We end this paper by making some remarks on the application of our supersymmetric representation.
• 
For the case N = 2, the free energy for the atomic limit is simply
simple benchmark of any approximate technique, is to compare the predicted entropy with the exact result S = −∂F o (T )/dT . Since the entropy counts the number of states, this is good test of how well the constraint is imposed using the approximate method.
In the SUSY approach, the two constraints on Q and Y require introduction of two conjugate bosonic fields λ and ζ. What is new however, is that the constraint field Y also involves the interaction term [θ, θ † ]/Q which must be factorized in terms of a time-dependent Grassman field:
The full constraint integral then becomes:
The constrained path integral may be identified as an integral of the unconstrained path integral over the orbit group of rotations induced by the supergroup. Carrying out the path integral up to Gaussian order in the fields λ, ζ and η andη, we obtain
where the first term is just the mean-field free energy, the second term • The Higgs effect. When we come to consider a model where the atom is linked by hybridization, either to conduction electrons, as for instance in the infinite U Anderson model, or to other identical atoms, as in the t − J model, a saddle point treatment of the path integral will inevitably involve condensation of the bosonic fields b α or φ. Physically, the former leads to magnetism, whereas the latter is responsible for the formation of a coherent electron band. A general feature of these condensation processes, is that they lead to a Higgs phenomenon, in which the fermionic constraint field absorbs the slave fermion field. The constraint part of the Lagrangian now sets
and the absorption of the slave fermion into the fluctuation field means that the fermionic Hubbard operators are now given by
• Unlike the U(1) approaches, in the supersymmetric approach, scattering off gauge fermions can be large, even when the slave boson has condensed. Thus, in the application of this technique to the t − J model, in the regime of low doping, there will be a large temperature range between T ∼ t and T ∼ δt where δ is the doping, where the slave boson field has condensed, but the mass of the gauge fermion above is still of order the temperature. In this temperature regime, we anticipate that the quasiparticle lifetimes will be substantially affected by the scattering off gauge fermions.
